Abstract. We give equivalent conditions for a monomial sequence to be a dsequence or a proper sequence, and a sufficient condition for a monomial sequence to be an s-sequence in order to compute invariants of the symmetric algebra of the ideal generated by it.
Introduction
d-Sequences, proper sequences and s-sequences are three kind sequences related to symmetric algebras. Firstly, let us recall their definitions. Let R be a commutative Noetherian ring and a 1 , . . . , a n ∈ R. We say that a 1 , . . . , a n is a d-sequence if a 1 , . . . , a n is a minimal generating set of the ideal (a 1 , . . . , a n ) and (a 1 , . . . , a i ) : a i+1 a k = (a 1 , . . . , a i ) : a k , i = 0, . . . , n − 1, k ≥ i + 1, cf., [4] . Proper sequences were introduced in [3] . a 1 , . . . , a n is called a proper sequence if a i+1 H j (a 1 , . . . , a i ; R) = 0, i = 0, . . . , n − 1, j > 0,
where H j (a 1 , . . . , a i ; R) denotes the j-th Koszul homology of a 1 , . . . , a i . It is shown in [6] that a 1 , . . . , a n is a proper sequence if and only if a i+1 H 1 (a 1 , . . . , a i ; R) = 0, i = 0, . . . , n − 1. We will use this condition as an equivalent definition of proper sequences. Recently, a new sequence, so-called s-sequence, was introduced in [2] to study symmetric algebras. Let M = (f 1 , . . . , f n ) be a finitely generated R-module with relation matrix (a ij ) m×n . Then Sym(M) = R[y 1 , . . . , y n ]/J, where J = (g 1 , . . . , g m ) and g i = n j=1 a ij y j , i = 1, . . . , m. Let < be a monomial order on the monomials in y 1 , . . . , y n with the property y 1 < · · · < y n . Set I i = (f 1 , . . . , f i−1 ) : f i . Then (I 1 y 1 , . . . , I n y n ) ⊆ in < (J). We call f 1 , . . . , f n an s-sequence (with respect to <) if in < (J) = (I 1 y 1 , . . . , I n y n ). If, in addition I 1 ⊆ · · · ⊆ I n , then f 1 , . . . , f n is called a strong s-sequence.
In this paper, we consider monomial d-sequences, proper sequences and s-sequences. Throughout let R = K[x 1 , . . . , x m ] be a polynomial ring, where K is a field.
In the monomial case, s-sequences can be characterized by Gröbner bases. Let f 1 , . . . , f n ∈ R be monomials. For any i = j, denote the greatest common divisor of
a Gröbner basis with respect to some monomial order < such that y 1 < · · · < y n and x i < y j for any i, j, cf., [2] . In the following, we will assume such an order.
In sections 2 and 3, we will characterize monomial d-sequences and proper sequences. Let f 1 , . . . , f n be a minimal monomial sequence. We show that f 1 , . . . , f n is a d-sequence if and only if [
, for all i < j, while for f 1 , . . . , f n to be a proper sequence it is equivalent to that [f i , f j ] | f k , for all i < j < k. Section 4 is devoted to discuss monomial s-sequences. In [2] , a first sufficient condition is given. In this paper we introduce other sufficient conditions. In particular we study the condition [f i , f j ] | f k , for any i < j < k. For this sequence, very strong properties of the annihilator ideals follow, in particular to be a strong s-sequence. We give a sufficient condition for a monomial sequence to be an s-sequence which is satisfied by strong s-sequences and show that this condition is also necessary in the case the sequence is squarefree and has 4 elements. Finally, we deduce some properties of the symmetric algebra of an ideal generated by a strong monomial s-sequence.
Monomial d-Sequences
In this section, we will give a characterization of monomial d-sequence. Let f 1 , . . . , f n ∈ R be a monomial sequence. We say that f 1 , . . . , f n is minimal if it is a minimal generating set of the ideal (f 1 , . . . , f n ), which is equivalent to that there is no i = j such that
By definition, f 1 , . . . , f n is a d-sequence if and only if
Note that, for any monomial sequence g 1 , . . . , g m , g m+1 ∈ R, (g 1 , . . . , g m ) : g m+1 = (
). Then f 1 , . . . , f n is a d-sequence if and only if
The sufficient part of the following theorem is observed in [3] , in which it is shown that, when [
Theorem 2.1. Let f 1 , . . . , f n be a monomial sequence. Then f 1 , . . . , f n is a dsequence if and only if there is no i = j such that f i | f j and
Now we show the necessary part. We use induction on n. When n = 2, from (
]. Assume that n > 2 and the result is true for n − 1, thus [
We first use induction on j to show that [f i , f j ] | f n for all i < j ≤ n − 1. When j = 2, from (
we have
.
are coprime. Then
Then there exists some k ≤ n−1 such that
. We claim again that k = i.
The proof is complete. 2 We have immediately from 2.1 the following Corollary 2.2. Let f 1 , . . . , f n be a monomial sequence. If f 1 , . . . , f n is a d-sequence, then any subsequence of f 1 , . . . , f n is also a d-sequence.
Monomial Proper Sequences
Let f 1 , . . . , f n be a monomial sequence. Define homomorphisms d 1 and d 2 as follows
Then
The following theorem gives a characterization of monomial proper sequences.
Theorem 3.1. Let f 1 , . . . , f n be a minimal monomial sequence. Then f 1 , . . . , f n is a proper sequence if and only if
Proof. Let d 1 and d 2 be defined as above. Note that, for r = 2, . . . , n − 1, to show that f r+1 H 1 (f 1 , . . . , f r ; R) = 0 is equivalent to prove that
Then, for r = 2, . . . , n − 1 and any i < j ≤ r,
Thus f 1 , . . . , f n is a proper sequence. Conversely, assume that f 1 , . . . , f n is a proper sequence. We use induction on 2 ≤ r ≤ n − 1 to show that
Let r = 2. By f 3 (f 12 e 2 − f 21 e 1 ) ∈ Im(d 2 ), we have that f 3 (f 12 e 2 − f 21 e 1 ) = r(f 2 e 1 − f 1 e 2 ) for some r ∈ R. Then f 3 f 12 = −rf 1 , hence
Now assume that r ≥ 3 and
Assume the contrary. Then there exists s ≥ 1 and 1
Note that s ≥ 2. Let ℓ 1 = 1. Then there exists ℓ 2 = ℓ 1 such that f k ℓ 2 | f r+1 f k ℓ 1 ,r and there exists ℓ 3 = ℓ 2 such that f k ℓ 3 | f r+1 f k ℓ 2 ,r , here it is possible that ℓ 3 = ℓ 1 .
. . , f n be a monomial d-sequence. Since a d-sequence is a proper sequence, it follows from 3.
From 3.1, we have immediately Corollary 3.2. Let f 1 , . . . , f n be a minimal monomial sequence. If f 1 , . . . , f n is a proper sequence, then any subsequence of f 1 , . . . , f n is also a proper sequence.
We say a d-sequence (proper sequence) is unconditional if any permutation of it is also a d-sequence (proper sequence).
Corollary 3.3. Let f 1 , . . . , f n be a minimal monomial sequence.
(1) f 1 , . . . , f n is an unconditional proper sequence if and only if there exist monomials d, g 1 , . . . , g n such that f i = dg i , i = 1, . . . , n, and g 1 , . . . , g n is a regular sequence. . . , g n is a regular sequence.
Proof.
(1) By 3.1, f 1 , . . . , f n is an unconditional proper sequence if and only if
. Then [g i , g j ] = 1 for all i = j, which is equivalent to that g 1 , . . . , g n is a regular sequence.
(2) In virtue of 2.1 and 3.1, f 1 , . . . , f n is an unconditional d-sequence if and only if it is an unconditional proper sequence and [ 
Monomial s-Sequences
Let f 1 , . . . , f n be a monomial sequence. Proposition 1.7 of [2] states that f 1 , . . . , f n is an s-sequence if [f ij , f kl ] = 1 for all i < j, k < l, i = k and j = l. The following theorem also gives a sufficient condition for a monomial sequence to be an s-sequence. Let f 1 , . . . , f n be a monomial sequence. For any i < j, k < l, j < l and
Proof. For any i < j and k < l, we need to show that all the S-pairs S(g ij , g kl ) have standard expressions with zero remainder.
Note that
As S(g ij , g kl ) = 0 when y i = f i , y j = f j , y k = f k , and y l = f l , we see that
y j is in the first syzygy of f j , f l , thus it is a multiple of g jl . Then S(g ij , g kl ) has a standard expression with zero remainder. Similarly, S(g ij , g kl ) has a standard expression with zero remainder if j = l. Now assume that i < j, k < l, i = k and j = l, and assume that j < l. Then, by assumption,
y k is in the first syzygy of f i , f k , so it is a multiple of g ik , hence S(g ij , g kl ) has a standard expression with zero remainder. Similarly, if
is divided by f kl or f ki when i > k, S(g ij , g kl ) has also a standard expression with zero remainder. . Furthermore, the sequence f 1 = x 2 x 3 x 7 , f 2 = x 1 x 2 x 3 , f 3 = x 3 x 4 x 5 x 6 x 7 , f 4 = x 7 x 8 x 9 satisfy all the possibilities of the condition in 4.
Recall that f 1 , . . . , f n is a strong s-sequence if it is an s-sequence and I 2 ⊆ · · · ⊆ I n , where
Proposition 4.4. Let f 1 , . . . , f n be a monomial sequence.
(
2 By 4.2 and 4.4(3), we have
Note that, since f 1 , . . . , f n is a proper sequence if and only if it is a strong ssequence (see [2] ), we can also get the above corollary from 3.1 observing that we need not to assume that f 1 , . . . , f n is minimal in the sufficient part of 3.1.
For the sequence 4 is an s-sequence but not strong.
The following proposition states that a squarefree minimal monomial sequence is an s-sequence if it is 'strong'. Proposition 4.6. Let f 1 , . . . , f n be a squarefree minimal monomial sequence. If
Proof. By induction on n. When n = 3, by I 2 = (f 12 ) ⊆ I 3 = (f 13 , f 23 ), we have f 12 ∈ (f 13 , f 23 ). Then
Now assume that n > 3 and [f i , f j ] | f k for all i < j < k < n. Let us show that [f i , f j ] | f n for any i < j < n. Note that we may assume that j = n − 1, since if
. By assumption I n−1 = (f 1,n−1 , . . . , f n−2,n−1 ) ⊆ I n = (f 1n , . . . , f n−1,n ), we have f i,n−1 ∈ (f 1n , . . . , f n−1,n ), hence f i,n−1 is divided by some f jn , 1 ≤ j ≤ n − 1. 
